Abstract. The stochastic variational method is used to investigate the stability of the (m + , e − , e + ) system as a function of the m + /m e mass ratio. The system was found to be stable for 0.697 78 m + /m e 1.6343. These mass limits correspond to stability for energy values of the (m + , e − ) subsystem satisfying 0.205 498 E(m + , e − ) 0.310 196 (energies in Hartree). These energy limits correspond roughly to the ionization potentials of neutral atoms that are known to bind a positron. The (m + , e − , e + ) system can be regarded as an analogue of a typical positronic atom since the structure of the (m + , e − , e + ) system as a function of E(m + , e − ) is seen to be reminiscent of the structure of positronic atoms as a function of the parent atom ionization potential.
Introduction
The calculation of the structure and stability of Coulombic three-body systems with arbitrary masses is a topic with a long history [1] . The initial calculation of the helium atom ionization potential by Hylleraas [2] was an important calculation since it confirmed the correctness of the new wave mechanics. And even more interestingly, the existence of the H − ion, which is so important in astrophysics, was predicted by explicit calculation [3, 4] . The stability of the positronium negative ion, Ps − , was also demonstrated by explicit calculation [5] . One of the questions that has been studied frequently is the ability of a hydrogen atom to bind another positive particle of arbitrary mass. For example, it is known that H can bind a proton, giving rise to the H + 2 molecular ion [6] . However, the ability of H to bind a positive particle does depend on the mass of the positive particle, and it is known that a very light particle, such as a positron, cannot be bound to hydrogen. Computational investigations have shown that the critical mass for binding is about 2.20m e , i.e. the (H, m + ) system is stable as long as the mass of m + exceeds 2.20m e [7] [8] [9] [10] [11] [12] . Somewhat surprisingly, the 30 year old determination by Rotenberg [10] of 2.20m e gives the best (lowest) estimate of the critical mass. There have been many other investigations into Coulomb three-body systems [13] [14] [15] [16] [17] [18] [19] [20] .
While investigations of the (p + , e − , m + ) system have established that a positron cannot bind to hydrogen, the information from these investigations cannot be used to establish whether a positron can be bound to any other atom. The first rigorous calculations showing that a positron could be bound to a neutral atom, namely lithium, were performed in 1997 [21, 22] . Since then, it has been shown that neutral Be, Na, Mg, Ca, Cu, Zn, Ag and Cd can all bind a positron [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . With this growing body of evidence it has become more interesting to investigate systematic trends among positronic atoms. An investigation of positron binding to a model alkali atom was able to show that the parent atom ionization potential was one of the fundamental parameters that determined whether binding was possible [36] . Binding was possible for alkali atoms with an ionization potential lying in the range from 5 to 10 eV. The model was also able to explain many of the salient features noticed in earlier calculations on specific positronic atoms.
In this work, the stability of the (m + , e − , e + ) system as a function of the m + /m e mass ratio is studied. When the m + /m e mass ratio is changed, the energy of the (m + , e − ) subsystem is also changed. Therefore, the (m + , e − ) subsystem can be regarded as analogue of a one-electron atom with an adjustable ionization potential. It was found that the (m + , e − , e + ) system had many properties similar to those of the typical positronic atom and can be regarded as the simplest analogue of a positronic atom.
Calculations
The methods used for the calculations are the stochastic variational method (SVM) [23, [37] [38] [39] [40] . In the SVM, the Hamiltonian is diagonalized in a basis of explicitly correlated Gaussian (ECG) functions. The optimum values of the nonlinear parameters are determined by a stochastic trial and error process. The exhaustive search for the best wavefunction is stopped when further modification of the wavefunction does not lead to any appreciable improvement of the energy. Further details concerning the application of the SVM can be found elsewhere [23, 40] .
The strategy adopted for the present calculations was to slowly increase or decrease the mass while the basis size was enlarged and binding was maintained. For example, in order to find the maximum value of m + , a series of calculations were performed (in this paper m + is used interchangeably to denote the particle itself and its mass). A wavefunction at say, m + = 1.45m e , would be used as the starting point for a calculation at 1.48m e . When the wavefunction at m + = 1.48m e was clearly bound, then this new wavefunction would be used as the starting point for the calculation at m + = 1.50m e . The search for the critical masses were thus carried out in a series of incremental steps.
The properties of the (m + , e − , e + ) system are listed in The critical energy limits of 0.205 498 and 0.310 196 Hartree are qualitatively similar to those seen in a study of positron binding to a model alkali atom [36] . For large values for m + , the electron becomes more strongly attached to the m + particle, while the positron is found at increasingly large distances from the (m + , e − ) subsystem. Eventually the polarization potential (this is not restricted to the dipole term) of the (m + , e − ) subsystem becomes so weak that it is no longer possible to bind the positron. Recent investigations of positron binding to the group IB elements, copper, silver and gold, showed that positron binding is possible to copper and silver, but not to gold [28, 29, 32, 33] . Both copper and silver have ionization potentials smaller than 0.30 Hartree. However, gold has an ionization potential of 0.339 Hartree, and therefore the inability to bind to gold is consistent with the (m + , e − , e + ) system conditions. The existence of a lower limit to the parent atom ionization potential for positron binding to occur is also consistent with results obtained for positronic atoms. Calculations upon e + Li, e + Na and e + K have been undertaken. Positronic lithium, with the largest ionization potential, has the largest binding energy of about 0.0025 Hartree [23, 42] . Positronic sodium (the sodium ionization potential is 0.189 Hartree) is barely bound [23, 26, 42] , while no stable bound state for e + K (the potassium ionization potential is 0.160 Hartree) has been found despite some extensive searches [23, 36] . The minimum ionization potential for (m + , e − ) to support e + binding is 0.2055 Hartree. This is larger than the ionization potentials for Na and He( 3 S e ), both of which bind a positron. The interaction of the e + and e − with the alkali core is not exactly the same as their interaction with m + and therefore the critical ionization potential can be expected to be slightly different for real systems.
The mean distance between the three particles, and the 2γ annihilation rate [43] [44] [45] for the electron-positron pair listed in (≈ 10 a 0 ) .
Summary
The structure of the (m + , e − , e + ) system as a function of the (m + , e − ) ionization energy has been studied. Stability is only obtained for parent atoms within the restricted range 0.205 498 E(m + , e − ) 0.310 196 Hartree. This condition is reminiscent of the situation for stable positronic atoms which have only been found for atoms with an ionization potential within a narrow range. Furthermore, the structure of the (m + , e − , e + ) system versus E(m + , e − ) is similar to the structure of known positronic atoms as a function of the parent atom ionization potential and the present results mimic those of a previous investigation of positron binding to a model alkali atom [36] . Therefore, the (m + , e − , e + ) system can be regarded as a simple analogue of a positronic atom.
The ideas expressed in this paper can probably be extended to other systems. One could examine the (m + , e − , e − , e + ) system to determine whether it is stable for all values of m + (it is known to be stable for m + → ∞ and m + = m e ). An affirmative answer would immediately provide strong evidence that it is possible to bind Ps to all the alkali and group IB atoms. It would also be interesting to determine whether the system (m 2+ , e − , e − , e + ) also has a limited range of stability since the analogous systems are the group II elements (Be, Mg, Zn, Cd) that are known to bind a positron. On a related topic, one could also examine the (m 2+ , e − , e − , e − ) system to see whether stable negative ions can be formed for limited mass ranges. This could give insight into the dynamics of alkaline-earth negative-ion states [46] .
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